In this paper, we establish sixteen interesting generalized fractional integral and derivative formulas including their composition formulas by using certain integral transforms involving generalized (p, q)-Mathieu-type series.
Introduction
The generalized fractional calculus operators popularly known as Marichev-SaigoMaeda operators involving the Appell function F 3 (·) or the Horn function in the kernel (see for details [3, 6, 7] ) are defined in the following form. f (x) n = Re(η) + 1
These operators includes Saigo hypergeometric fractional calculus operators, RiemannLiouville and Erdélyi-Kober fractional calculus operators as special cases for various choices of the parameters (see for details [2, 8, 10] and [12] ). In a recent paper, Saxena and Parmar [9] established several interesting Saigo hypergeometric fractional formulas involving the generalized Mathieu series defined by Tomovski and Pogány [14] . More recently, Singh et al. [10] established several results by employing Marichev-Saigo-Maeda fractional operators including their composition formulas and using certain integral transforms involving the extended generalized Mathieu series defined by Tomovski and Mehrez [13] .
The more generalized form of the so-called (p, q)-Mathieu type series has been considered very recently by Mehrez and Tomovski [4] in the following form:
where B(x, y; p, q) is the (p, q)-extended Beta function introduced by Choi et al. [1] , 6) when min{Re(x), Re(y)} > 0; min{Re(p), Re(q)} ≥ 0. This (p, q)-Mathieu type series includes various forms of Mathieu-type series as special cases (see for details [4] ).
In our present investigation, we require the definition of the Hadamard product (or the convolution) of two analytic functions [9] . If the R f and R g are the radii of convergence of the two power series
respectively, then the Hadamard product is the newly emerging series defined by
where
In this present note, we aim to develop the compositions of the generalized fractional integral and differential operators (1.1), (1.2), (1.3) and (1.4) for the generalized Mathieu series (1.5) by using the Hadamard product (1.7) in terms of (p, q)-Mathieu type series and Wright hypergeometric function.
Fractional formulas of the (p, q)-Mathieu type series
The Wright hypergeometric function r Ψ s (z) (r, s ∈ N 0 ) having numerator and denominator parameters r and s, respectively, defined for α 1 , . . . , α r ∈ C and β 1 , . . . ,
Also, if we take A j = B k = 1 (j = 1, . . . , r; k = 1, . . . , s) in (2.1), this reduces to the generalized hypergeometric function r F s (r, s ∈ N 0 ) (see, e.g., [2] ):
The following image formulas or power function are useful in our investigation [10] .
Then the following relation exists:
Lemma 2 Let σ 1 , σ 1 , ν 1 , ν 1 , η, ∈ C and x > 0. Then the following relation exists:
We begin the exposition of the main results with presenting the composition formulas of the generalized fractional operators (1.1), (1.2), (1.3) and (1.4) involving the (p, q)-Mathieu type series by using the Hadamard product (1.7) in terms of the (p, q)-Mathieu type series (1.5) and the Fox-Wright function (2.1).
Then, for min{ (p), (q)} ≥ 0, the following formula for fractional integration holds true:
Proof Applying the definitions (1.5), (1.1) and then changing the order of integration and using the relation (2.3), we find for x > 0
Finally, using the Hadamard product (1.7) in (2.7), in view of (1.5) and (2.1), yields the desired formula.
and Re( -γ ) < 1 + min{Re(-ν 1 ), Re(σ 1 + σ 1 -η), Re(σ 1 + ν 1 -η)} with |1/t| < 1. Then, for min{ (p), (q)} ≥ 0, the following formula for fractional integration holds true:
r, a; p, q;
, Re(ν 1 -σ 1 )} with |t| < 1. Then, for min{ (p), (q)} ≥ 0, the following formula for fractional differentiation holds true:
r, a; p, q; t
Proof Applying the definitions (1.5), (1.3) and then changing the order of integration and using the relation (2.5), we find for x > 0
Finally, using the Hadamard product (1.7) in (2.8), in view of (1.5) and (2.1), yields the desired formula (1.3).
Theorem 4 Let σ
and Re( -γ ) < 1 + min{Re(ν 1 ), Re(η -σ 1 -σ 1 ), Re(η -σ 1 -ν 1 )} with |1/t| < 1. Then, for min{ (p), (q)} ≥ 0, the following fractional differentiation formula holds true:
Certain integral transforms
With the help of the results established in the previous section, in this section, we shall present certain very interesting results in the form of several theorems associated with Beta, Laplace and Whittaker transforms. For this purpose, first we would like to define these transforms.
Definition 3
The Euler-Beta transform [11] of the function f (z) is defined, as usual, by
Definition 4
The Laplace transform (see, e.g., [11] ) of the function f (z) is defined, as usual, by
The following integral involving the Whittaker function [10] :
is useful in this section, where W κ,ν is the Whittaker function [5, p. 334].
The following interesting results in the form of theorems will be established in this section. As these results are direct consequences of the definitions (3.1), (3.2), (3.3) and Theorems 1 to 4, they are given here without proof. 
Then, for min{ (p), (q)} ≥ 0, the following Beta-transform formula holds true:
, Re(ν 1 -σ 1 )} with |t| < 1. Then, for min{ (p), (q)} ≥ 0, the following Beta-transform formula holds true:
} with |1/t| < 1. Then, for min{ (p), (q)} ≥ 0, the following Beta-transform formula holds true:
r, a; p, q; 1
Theorem 9
Let σ 1 , σ 1 , ν 1 , ν 1 , η, ∈ C and μ, α, β, r, λ 1 , λ 2 , λ 3 , γ ∈ R + such that Re(η) > 0 and Re( + γ ) > max{0, Re(σ 1 + σ 1 + ν 1 -η), Re(σ 1 -ν 1 )} with |t| < 1. Then, for min{ (p), (q)} ≥ 0, the following Laplace-transform formula holds true: 
} with |1/t| < 1. Then, for min{ (p), (q)} ≥ 0, the following Laplace-transform formula holds true: 
